ABSTRACT This paper presents control studies of a rotary inverted pendulum (RIP) by applying a modelfree backstepping (MFBS) control technique. We first discuss the new MFBS technique, which does not rely on the detailed model of the system, and makes use of only the system structure and measurements of the state. The MFBS technique makes use of a normal form of the system model and estimates the unknown dynamics. An approach is also proposed to deal with the unknown control coefficient. The equivalence of the control designed with the proposed method to the control designed with the knowledge of the control coefficient is established. The control designed with the proposed MFBS technique is compared with the LQR control in various settings. It is found that for the RIP control problem, the proposed control performs as good as, or better than the LQR control, but has an advantage of being model-free.
I. INTRODUCTION
Rotating inverted pendulum (RIP) is an example of underactuated systems, and has long been used as a benchmark for illustrating and validating new control algorithms. It is a challenging system because of its characteristics such as nonlinearity, state coupling, instability, etc. The common studies of controlling RIP include [1] : swing-up control [2] , [3] , switching control [4] , balance control [5] and trajectory tracking control [6] . Among them, the trajectory tracking control of the RIP refers to driving the arm to track a desired time varying trajectory while the pendulum is stabilized at the upward position. This paper presents a model-free backstepping control design for the RIP.
Different kinds of controls have been investigated for trajectory tracking and stabilization control of the RIP, including linear controls, nonlinear controls, self-learning controls, adaptive controls, and so on. The LQR control is widely employed for its robustness and optimal performance. The improved LQR, such as adaptive gain scheduling LQR [7] , fractional order LQR control [8] , and parametertuned LQR [9] , have been used for the balance control of
The associate editor coordinating the review of this manuscript and approving it for publication was Juntao Fei. the RIP. Feedback linearization transforms the system into a linear system by canceling nonlinear terms. This method has been widely used in trajectory tracking of inverted pendulums [10] , [11] . In addition, feedback linearization combined with LQR is also applied to the stability and trajectory tracking control of inverted pendulums [12] . However, feedback linearization sometimes removes useful nonlinear terms in the system [13] . In contrast, the backstepping control design makes use of the useful nonlinear terms of the system, and deals with the unfavorable items separately, leading to better robustness performance. Therefore, the backstepping control is often used for complex nonlinear systems. The RIP is a good candidate for the backstepping control.
The usual backstepping design encounters difficulties with the inverted pendulum. The inverted pendulum, as a typical underactuated system, has coupled dynamics of the states, which increases the complexity in the control design and weakens the robustness, as discussed in [14] , [15] . In order to apply the backstepping control to the underactuated system effectively, the Olfati transform can be applied to convert the underactuated system into a cascade form to decouple the states [16] . The transformation has been applied in different fields [17] , [18] and in the control design of the inverted pendulum [19] . The Olfati method provides an effective approach for the application of backstepping control to the underactuated system. It should be pointed out that the output of such transformation is usually in the form of the combined variables, which is inconsistent with the original output, and that the nonlinear transformation further increases the complexity of the system.
The traditional backstepping design is based on the model of the system. The uncertainties of the system model always exist. It is a great challenge to obtain accurate mathematical models. The fuzzy control is a common method to deal with model uncertainties. The Takagi-Sugeno (T-S) fuzzy descriptor method to design a balance control of the rotating inverted pendulum is studied in [20] . The fuzzy control is combined with the backstepping control to overcome the uncertainty of the model while ensuring the stability in [21] . The sliding mode control is often used for the inverted pendulum with uncertain model parameters. The terminal sliding mode control is applied to achieve the self-balancing of the underactuated system in [22] . The sliding mode control combined with the fuzzy control is shown to achieve robust and precise balance of the pendulum in [23] . A combination of nonlinear model predictive control and sliding mode control leading to an optimal sliding mode cascade control is presented in [24] , which significantly improves the performance of the controller. The author of [25] also combines the sliding mode control with backstepping to achieve the balance control of the inverted pendulum. The neural networks are used in conjunction with backstepping, which learns online to approximate the nonlinear terms in the control and uses the backstepping control to ensure the progressive stability of the system [26] . In short, the introduction of fuzzy control, neural networks and sliding mode control has alleviated the problem of model uncertainties when applying the backstepping design. It should be pointed out that in many studies, the coefficient of the control input is set to be one [27] or is assumed to be known [28] . Hence, these methods are known as being partially model-free. In this paper, we propose a model-free backstepping which does not need any parameters in the model including the coefficient of the control. The only requirement is the knowledge of a rough structure of the model.
Application of backstepping usually requires the system model to be in the strict feedback form. When the system does not meet the requirements, researchers usually resort to transformations of the state variables. The block backstepping method converts the state model of the system in block-strict form [13] . Other studies [29] , [30] adopt adaptive methods and neural networks to overcome the structural obstacles of the system in non-strict feedback form. However, these methods usually imply that the model is partially known. Reference [31] tried to identify the model in the strict feedback form with fuzzy method when the model and coefficients of related variables are both unknown. However, in the process of model identification, there is a great uncertainty about how to combine the fuzzy basis function vector when the dynamic model is unknown. In this paper, based on the actual physical structure of the RIP, a normal form is introduced for modelfree backstepping control, with which the Lyapunov based virtual and true controls are gradually designed while the uncertain functions of the model are estimated from the measurements. The strict feedback form requirement becomes loose when the derivative estimation method for the unknown model function and virtual control is introduced. The control designed this way is proven to be equivalent to the modelbased control.
The backstepping control can guarantee the asymptotically tracking stability on the hypothesis that the internal dynamics is exponentially stable [32] . However, if the open-loop system is unstable, the backstepping control cannot guarantee the stability of the system. The inverted pendulum is a unstable system and requires a more robust design to ensure the stability of the closed-loop system and the accuracy of tracking. The classical control design method uses pole placement, and other compensation methods to ensure the stability of the system. For example, the pole placement and the quadratic optimal control method are used for stability design in [33] , [34] . With the help of partial feedback linearization, a linear backstepping control with integral adjustment variables is used to stabilize the inverted pendulum [35] . Fractional control with compensation technique is used to stabilize the inverted pendulum [36] . A switching adaptive control technique based on the generalized multi-Lyapunov function method and parameter separation technique is established to ensure the global stability of the inverted pendulum [37] . A linear time invariant control is designed to achieve asymptotical stability of the unstable mobile inverted pendulum system [38] . These controls are effective to stabilize the system. Most of these methods are based on the mathematical model. When the model has uncertainties, it becomes more difficult to stabilize the unstable system. In order to ensure the robustness and stability of the system, we modify the model-free backstepping control to achieve the objective.
In summary, the issues with underactuated system, model uncertainty, strict feedback form requirement and instability are the barriers of application of the backstepping control to the inverted pendulum. In this paper, a model-free backstepping control method for the RIP system is proposed, with the normal form configuration, data-based estimation and supplementary design to solve the existing problems. Compared with the existing control methods, the proposed method has the following characteristics:
1) The design of the control does not depend on the exact mathematical model of the system. Only the structural information of the physical system, the I/O data of the system, the order and dimension information of the system are required. 2) A model-free backstepping normal form is proposed, which relaxes the requirement for the strict feedback form. 3) A method to deal with the unknown coefficient of the control is proposed, resulting in the total model-free
backstepping design approach. The proposed control is proven to be equivalent to the control designed with the known coefficient of the control. 4) The stability of the proposed backstepping control is proven with the help of the Lyapunov functions. The rest of this paper is organized as follows. Section II discusses the physical structure of the rotating inverted pendulum. In this section, a standard setting of the model-free backstepping control is introduced to convert the underactuated system into the cascade feedback normal form. In Section III, the estimation of unknown dynamics is discussed. In Section IV, the data-driven backstepping control with the help of Lyapunov method is presented. The stability analysis of the closed-loop system is also carried out in this section. The simulation and experimental results are presented to show the effectiveness of the proposed control technique in Section V. Finally, Section VI concludes the paper.
II. MODEL STRUCTURE AND NORMAL FORM
The schematic of the rotating inverted pendulum is shown in Figure 1 . One end of the horizontal rotating arm is connected to and driven by a DC motor, and the other end is connected to the swing rod without an additional control between them. The angle between the swing rod and the vertical direction is α, and that of the rotating arm and the horizontal direction is θ . The system is of two degrees of freedom and satisfies Newton's second law such that the equations of motion are in the following general form, where i represents the uncertain or nonlinear dynamics of the system. Introduce the following transformation,
We can obtain the equations of motion in a cascade form as,
where
Note that the terms involving α, θ and their derivatives can be replaced with the help of Equations (1) and (3). The functions f i are in general nonlinear with uncertainties through the dependence of the acceleration termsα andθ . Since the control design will be model free, we don't really need the details of the mathematical expressions of f i . The functions f i , which contain the mathematical model, the added items and uncertainties, will be estimated on line from the response data. η is a relatively large constant which is used for substituting the unknown control coefficient. Hence, we should define f 4 explicitly as
where g 4 (x 1 , x 2 , x 3 , x 4 ) includes all the internal forces acting on the α coordinate of the system and the system uncertainties such as 1 . Equation (3) is known as the normal form of a cascade system, and will be the basis for the model-free backstepping control design.
III. ESTIMATION OF UNKNOWN DYNAMICS
The goal of the single-stage rotary inverted pendulum control is that the pendulum is stable at the vertical position and the horizontal rotating arm follows a reference motion. A modelfree backstepping method will be developed to deal with the challenging characteristics of state coupling, strong nonlinearity and instability of the inverted pendulum.
As stated earlier, the functions f i will need to be estimated at time t. The estimates of the functions f i can be obtained aŝ
where the derivative estimatesx i are obtained from the measurements passed through a first-order filter with time constant τ ix > 0,
or
We introduce an error term of the derivative estimate as ẋ i =ẋ i (t) −x i . Subtracting Equation (6) from Equation (3), we obtain the estimate error off i as
Substituting ẋ i into Equation (8), we yield
Whenẋ i (t) is smooth and τ ix > 0, we have [39] 
In this work, we assume that there exits an upper bound a i > 0 such that
Therefore, the estimation error is also upper bounded
where 0 < ε i << 1 can be made arbitrarily small by choosing a small time constant τ ix of the filter. Define the tracking error of each state variable x i as
where x id is the "preferred" response of x i . For i = 1, x 1d = x r is the given smooth reference of x 1 . For i > 1, x id are known as the virtual controls, which will be designed with the Lyapunov method discussed next.
IV. LYAPUNOV DESIGN AND STABILITY
Let us consider a control of the RIP system such that x 1 follows the reference x r while the standing up position is stable. Consider several Lyapunov functions for the design of both the virtual and real controls.
We haveV
From these derivatives, we choose the virtual controls as
and
Hence, we yielḋ
The total Lyapunov function of the system is V = V 1 + V 2 + V 3 + V 4 . Its time derivative reads,
where we have made use of the inequality 2ab ≤ a 2 + b 2 and Equation (13), and introduced a new notation ε
We choose c 1 > 1/2, c 2 > 1/2, c 3 > 1 and c 4 > 1, and let λ min represent the twice smallest positive eigenvalue of the quadratic form inV , i.e.
Hence, we haveV
Equation (27) suggests that as t → ∞, the system response converges to a small neighborhood defined by the inequality
which can be made arbitrarily small with proper choices of the filter time constants τ ix and the control gains c i . This completes the stability proof. Finally, we note that the first order derivativeẋ id can be readily computed with the finite difference method in real time [39] .
A. EQUIVALENCE OF CONTROL
Next, we shall show that introducing the term ηu in Equation (3) would lead to an equivalent control term b 1 u.
To simplify the proof, we assume that the model of the system is fully known. That is, the functions f i are all given and are used to replacef i (t) in the virtual controls of Equation (17) . Recall that f 4 = −ηu + b 1 u + g 4 (x 1 , x 2 , x 3 , x 4 ). We replacef 4 (t) in the true control (18) with g 4 (x 1 , x 2 , x 3 , x 4 ) and denote the resulting true control as u n .
Assume that the true control is implemented in digital domain. Because of the causality, the right hand side of Equation (18) is at the time step k and the left hand side is at time step k + 1. Hence, we have
where β = b 1 η .
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We assume that there exists a known upper bound of b 1 such that 0 < b 1 ≤ B < ∞. We choose η > B so that 0 < β < 1. Equation (29) can be seen as a low-pass filter with the nominal control u n (k) as input and u(k) as output.
Consider a continuous time low-pass filter in the Laplace domain,
Using the impulse response invariant method with sampling time T , we convert Equation (30) to the following equation in discrete time domain as
Comparing Equations (29) and (31), we have
It can be seen that when η is large enough, the designed control is the filtered form of the actual control such that
Hence, the actual control sent out to the system is b 1 u according to Equations (1) and (4), even though the value of b 1 is unknown.
B. UNSTABLE OPEN-LOOP SYSTEMS
The previous model-free backstepping control design works well when the open-loop system is stable to begin with. When the open-loop is unstable, the system goes through longer and more oscillatory transients. Although it works well in the simulation, this would lead to failed tests in the experiments. This phenomenon can also be observed when the system is slightly non-minimum phase system [40] . A common approach to handle the unstable open-loop system as discussed in the popular book [32] is to stabilize the open-loop system before designing the backstepping control. For the rotary inverted pendulum, the position α = 0 is unstable. The system is considered open-loop unstable. Let u p denote a local stabilizing feedback control. It can be a common proportional-derivative feedback control. For example, u p = −k 1 x 3 − k 2 x 4 , where k 1 and k 2 are positive constants. In the simulation and experimental studies reported later, we have chosen k 1 = 2.6430 and k 2 = 0.3621 in a somewhat arbitrary manner. The total control is then u + u p . The model-free backstepping design of the control u is then for a stabilized system. This way, the entire procedure remains unchanged. The last equation in Equation (3) would readẋ 4 = ηu + f 4 + ηu p = ηu +f 4 , where we have defined a new functionf 4 = f 4 + ηu p .
C. REMARKS ON ASSUMPTIONS
Some remarks on the two key assumptions are in order.
Assumption 1: There exists a known upper bound of b 1 such that 0 < b 1 ≤ B < ∞.
The control coefficient b 1 is usually determined by the voltage to torque conversion factor of the DC motor as well as the geometrical design of the mechanical system. With a given size of the motor, the control coefficient b 1 must be finite and therefore bounded. From the motor specifications and the geometrical design of the system, it is not difficult to obtain an estimate of the upper bound B.
Assumption 2: There exits an upper bound a i > 0 such that
The upper bound of the second order derivative of the state variable is related to the largest acceleration of the system that a given motor can generate, and is also the largest acceleration caused by external disturbances that the motor can overcome in order to stabilize the system. This upper bound, when properly determined based on the power rating of the motor, can also serve as an indicator for system warnings. That is, when the measured second order derivatives of the state variables are larger than the upper bound, the system is likely to go unstable because the motor does not have enough control authority to bring the system back to normal.
V. SIMULATION AND EXPERIMENT
In order to verify the feasibility and effectiveness of the proposed method, we carry out numerical simulations and experimental verifications of the control, and compare the control performance with that of a LQR control. We choose the LQR control to compare because it is a popular control for this system and is often used as a basis for comparison with new controls.
The experiments are conducted with the RIP system by Quanser as depicted in Fig. 2 . The swing angle of the inverted pendulum goes to zero when the pendulum is vertical upward, and is positive counterclockwise. The torque applied to the bottom of the rotating arm is generated by a DC motor with the input voltage denoted as V m . The time constant of the motor is 0.0253 seconds. To have a fair comparison, we consider a common metric for both the control. That is, both the controls consume the same amount of fuel in the same period of time, as measured by
In the simulations, we select t f = 3s and J u = 823. The corresponding gain of the LQR control is found to be From now on, we change the notation of control u to V m , the input voltage to the DC motor that executes the control. The results of the numerical simulation are shown in Fig. 3 . It can be seen from the figure that with the same control effort J u , the trajectories by the LQR and MFBS control are very similar in the numerical simulations. The corresponding experimental results are shown in Fig. 4 . The experiments have used the same parameters as those for the numerical simulation. As can be seen from Fig. 4 , the system enters the equilibrium state within 1 second after swinging up. The maximum swing around the vertical position in the steady state is 5.1 degree with the LQR control and 1.55 degree with the proposed MFBS control, which indicates that the MFBS control performs slightly better than the LQR control.
The initial conditions for the balance control to start after the swing up control moves the pendulum to the neighborhood of the vertical position are usually random in real time experiments. This is the reason why the initial conditions in Figs. 3 and 4 are different.
We have also experimentally investigated the disturbance rejection performance of the closed-loop system by lightly hitting the pendulum in the vertical position at time instances 1s, 8s, 20s, and 28s for the MFBS control, and at 2s, 8s, 14s and 24s for the LQR control, as shown in Fig. 5 . Although it is difficult to select the same strength, interval and duration of the disturbances for both controls in the comparison study, the results do show that the proposed MFBS control can reject the disturbance as good as the LQR does.
So far, both the simulations and experimental studies suggest that the proposed MFBS control has similar or better performances when compared with the LQR control. However, the proposed MFBS control does not need the knowledge of the system model. 
B. TRACKING CONTROL
We now study the tracking control problem by simulations and experiments. We consider two reference trajectories We first consider a sinusoidal reference defined as
where A = π/6 rad or 30 degree and ω = 0.5 rad/s. The simulation and experimental results are shown in Fig. 6 and Fig. 7 . It can be seen from both figures that the MFBS control has the similar tracking performance to that of the LQR control with a small time delay. Recall again that the LQR is model based, while the proposed control is not. Next, we consider a non-smooth square wave reference. The square wave has the same frequency the sinusoidal reference in Eq. (38) . Fig. 8 and Fig. 9 show the tracking performance in simulation and experiment. It can be seen 
VI. CONCLUSION
This paper has presented a model-free backstepping control design procedure. The stability of the control in the Lyapunov sense is proven. The design method is applied to the balance and tracking control of a rotary inverted pendulum (RIP). The control designed with the proposed method is compared with the LQR control in various settings. It has been found that for the RIP control problem, the proposed control performs as good as or better than the LQR control, but has an advantage of being model-free. VOLUME 7, 2019 
